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Stochastic acceleration of ions driven by Pc1 wave packets
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'NASA Goddard Space Flight Center, Greenbelt, Maryland 20771, USA
’Department of Physics and Technology, Altai State University, Barnaul, Russia

(Received 23 March 2015; accepted 1 July 2015; published online 17 July 2015)

The stochastic motion of protons and He™ ions driven by Pc1 wave packets is studied in the context
of resonant particle heating. Resonant ion cyclotron heating typically occurs when wave powers
exceed 10~ nT*/Hz. Gyroresonance breaks the first adiabatic invariant and energizes keV ions.
Cherenkov resonances with the electrostatic component of wave packets can also accelerate ions.
The main effect of this interaction is to accelerate thermal protons to the local Alfven speed. The
dependencies of observable quantities on the wave power and plasma parameters are determined,
and estimates for the heating extent and rate of particle heating in these wave-particle interactions
are shown to be in reasonable agreement with known empirical data. © 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4926823]

I. INTRODUCTION

Pcl, or electromagnetic ion cyclotron (EMIC), waves
exhibit frequencies of 0.1 to 5.0Hz, occur in the plasma-
sphere, and intensify during magnetic storms. Anisotropic
distributions of keV ring current (RC) protons provide a
source of free energy for EMIC wave excitation.' Pcl
events typically last for more than several hours and appear
as coherent wave packets with repetitions period of tens of
seconds to a few minutes with typical broadband amplitudes
reaching values in the range of 1-10 nT. These waves usu-
ally exhibit mixed polarization because they belong to two
distinct branches: an ion whistler branch, and an Alfven-like
branch with a different polarization.*”” These wave modes
can interact with keV ions, and the intensification of ion
fluxes associated with wave events has been shown in in situ
measurements.>® Along with the expected keV protons,
greatly enhanced fluxes of cool protons (30-300) eV have
also been observed by Engebretson et al.,* Pickett et al.,’
and Arnoldy et al.” Information about He™ ion energization
was obtained from the Geostationary Operational Environmental
Satellite (GOES) and has been interpreted as a result of the
ion-EMIC wave interaction.”

The association of Pcl wave events with intense ion
fluxes merits further attention. Simultaneous increases in
measured fluxes and wave fields suggest that the Pcl waves
energize the ions. In this paper, we explain the idea of sto-
chastic particle heating.'" This idea is based on nonlinear
(NL) resonant wave-particle interactions, which can cause
stochastic particle motion and consequently particle heating.

The paper is organized as follows. Sec. II considers the
polarization and dispersion properties of Pcl wave packets.
Sec. III provides the original equations of motion of particles
driven by EMIC waves. Sec. IV touches on the problem of
acceleration and energization of ions via gyroresonance with
these waves. Sec. V examines proton heating via Cherenkov
resonance with the electrostatic component of oblique Pcl
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wave packet. Sec. VI discusses and summarizes the main
results obtained in this work.

Il. DISPERSION OF NONLINEAR Pc1 WAVE PACKETS

The dependence of the Fourier-harmonics of EMIC
waves on the wave number k in the range (kvA)2 < Q; is
given by the relation'*"?

w(k) = kva(1%kus/29,), (1)

where the negative sign stands for the Alfven-like branch,
Q, is the proton gyrofrequency, vy = cQ,/wy is the Alfven
speed, ¢ the light speed, and w; the proton Langmuir fre-
quency. Here, > vﬁ, and the thermal ion velocity, vr,
obeys |w — Q| > kvr,, and v} > v}, vr,. EMIC waves are
believed to radiate from the ring current region through gyro-
resonance with keV RC protons. Leaving aside the problems
that arise in such models for EMIC wave generation,'* we
take for granted the existence of such waves. The RC origin
and dispersion relationship (1) have been confirmed by
measuring EMIC wave polarization, velocity, and disper-
sion.*”'> The contribution of the heavy ion current to wave
dispersion is small, and can be neglected provided ¢* > U/Z‘.4

As is known, any NL. EMIC wave with an NL profile en-
velope, as well as NL whistlers, can be described by a non-
linear Schrodinger (NLS) equation'® or its modifications.'”
The NL dispersion relation corresponding the NLS equation
takes the form,

1 2
w(k) = w(ky) +§ (%)k (AR + (%)k )

where w(kg) is the frequency of the principal mode, Ak the
width of the k-spectrum, and a the wave amplitude. One also
assumes that the second and third terms in Eq. (2) are small
compared to w(ko).'® The NLS wave equation itself and NL
dispersion law (1) remain the same if the relative rate of change
of the frequency @, @/w?, and the wave dispersion Ok /0zk>
along the external magnetic field B, are much less than 1. Since
@/w? is of the order of 1/wT and Ok/9zk* ~ 1/kL or 1/kl,

© 2015 AIP Publishing LLC
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where T, L are the time- and spacescales of the wave packet
and [ is the spacescales of inhomogeneity in B, we write the
conditions for the applicability of the NLS equation as

1/oT, 1/kL,1/kl = ¢, & < 1. 3)

In wave event measurements by remote monitoring the wave
spectra, this frequency drift emerges as a consequence of the
difference in phase velocities caused by the NL dependence
of frequency on the wavenumber k. A more important effect,
the so-called self-modulation of the wave, is due to the peri-
odic nature of the wave amplitude, which introduces a time-
dependent modulation of the wave frequency. The third term
in Eq. (2), proportional to the square of the slowly varying
amplitude, describes this effect entirely.'' For further details,
the reader is referred to this paper.'' Typical values of
measured by Feygin ez al.,'> Mursula,'® and Pickett er al.’
are 7 ~ (1 —3) x 1072 Hz/s, v = w/2n ~ 1.5 Hz, so condi-
tion (3) is trivially satisfied. So, any NL EMIC wave can be
described by a wave solution of an NLS equation conforming
to the problem. On the other hand, any wave with an NL enve-
lope has a wide spectrum of strongly bounded Fourier har-
monics, and hence can be represented in the form of an NL
wave packet. Substantiation of the approach can be found in
the monograph,'® and in the physics of radiation belts (RBs)
this approach has been introduced in Refs. 20 and 21. These
authors also showed that both representations are identical."’

The dispersion relation (1), at least for the Alfven
branch of EMIC waves propagating at an arbitrary angle v
to the external magnetic field, remains applicable, with
k., = kcos ¥ replacing k. If the wave propagates nearly across
B, a term (k,r)z, where r is the ion gyroradius, also emerges
in Eq. (1)."* The subscripts z and ¢ stand for the components
of a vector quantity, parallel and perpendicular to the back-
ground magnetic field.

Anderson, Erlandson, and Zanetti>> attributed the left-
hand and/or right-hand polarization of these waves to
oblique wave propagation. Indeed, the unusual polarization
could be caused by the simultaneous generation of the two
branches of EMIC wave by RC protons. Another possible
explanation for this baroque polarization is related to the
transverse-longitudinal nature of the oblique wave in the
generic case. Consider low-frequency mixed modes. These
perturbations are partially electrostatic and partially electro-
magnetic, and differ from the usual EM waves in that the for-
mer contains a potential electric field E' along B."> The
relationship between the potential component E' and electro-
magnetic £’ can be found using the equation of continuity,
two Maxwell equations, and Poisson’s equation.12 From
those equations, the following expression for E'/E’ results:

E'JE' = (ke/w) ' /T,

where J is the electric current driven by these low-frequency
perturbations. Since kc¢/w ~ ¢/va, and c¢/vs > 1, E' would
be non zero even when a strong anisotropy of the electric
current, J!/J' < 1, is present. Note that both the low-
frequency band of the oblique Alfven mode, the so-called ki-
netic Alfven wave, and the high-frequency oblique whistler
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wave have strong potential components that are comparable
to the values of the E'-components.*>~2%

lll. ORIGINAL EQUATIONS OF ION MOTION

Consider an ion of charge ¢;=1 and mass m;, which
gyrates in a background magnetic field B and resonantly
interacts with a packet of circularly polarized EMIC waves.
The Hamiltonian of the problem is of the form

[2Q,12B"J" (k
H(pZ7Z7179;t) :HO(PmI) + 7%7 (4)

Hy = p?/2m; + Qil, ®)

given on a 4-D manifold called phase space by two pairs of
variables, (p.,z) and (I, ), where 1,60 and p, are the action,
gyro-angle, and p.-momentum, respectively, B" is the mag-
netic component of the wave field, and J| (k,r) is the deriva-
tive of the Bessel function with respect to its argument.

We shall assume that the length scales of the inhomoge-
neities of these fields and the ratio B/B" are sufficiently
great that the standard description of particle motion is appli-
cable. Then, the ion gyration and motion along B are
described by

- OH . OH

0= ol =, z= 0z
These equations determine the change of phase of a particle
in the wave field,

U,

. U = p/my. (6)

U(v.) = ko, +sQ — o, )

where s € Z, Z is the set of all integers, including null.
In the following, we are concerned only with the dynam-
ics of ions in the vicinity of the principle resonances,

Y(v:) =k, +5Q —w=0,5=0;1. (8)

In this case, i varies slowly, xp /oy ~ ¢, and therefore the
variables p, and [ also vary slowly over one wave period
o !, p.Jop. ~ & I /ol ~ & where ¢ is a small parameter,

¢=1/0T. .
Now the equations of motion, p,=—0H/0z, I

= —0H /00, associated with Hamiltonian (4), become

2671 (+)
0, = O, ——Z sin o(t/T — n), )
e W Z (t/T —n)
| Q, 2b71()

v, = Qg ———==sin o(t/T — n), 10

where all of the perturbation terms, including those describ-
ing mirror effects, average to zero except for s= 1" We
have used here the representation of the NL wave field in the
form of the wave packet,

b
B"(z,0,f) = B—— 5(t/T — n),
(50,0 = B cosy 3 0(/T

b=BY/B, v.<uvsneZ, (11)

where Bjj is the peak value of the wave field, Av is the width
of spectrum, T is the envelope period, and d(-) is the Dirac
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function. We have also applied the relation ;1 = m;v? /2 for
the energy of gyromotion, and we assume that the character-
istic phase velocity is approximately equal to the Alfven
speed.

The phase flow of this system conserves the invariant of
motion,

v? —25(Q;/w)vav, = C, (12)

where C is a constant which is determined by the initial reso-
nance condition. The invariant reduces the dimensions of
phase space from four to two.

A further simplification of the system is related to the
generic behavior of periodic Hamiltonian systems which are
usually described in terms of maps. The method of finding
these maps involves a transformation g' realized by phase
flow at one period.*’ By using the equation for particle phase
(7), and either equation from sets (9) and (10) along with the
invariant of motion (12), we can reduce in general the system
to the map g",

mod2m,
(13)

8" Uy = uy +QSin¢m l//n+1 =, +F(un+l)

where u# is a new action variable, Q the control parameter,
differentiable function F(u) describes the shift of phase
acquired by the particle, and the values of (u,,,) are
taken at #, =nT. These transformations constitute the group
g" = (¢")" that acts on the 2D-manifold M (phase space) as a
dynamical system given by the pair (M, g"). The problem
defined in this way can be treated analytically as well as
numerically. First, we observe that the set of NL difference
equations (13) is a measure-preserving map for the canonical
pair (u, ). This can be corroborated by direct computations
of the Jacobian detJ =1, J = O(uny1,¥,.1)/0(un, ). The
qualitative behavior of the system can be understood by cal-
culating the multiplier |0y, /oy, — 1| = QF', F' = 0F /du.
Provided that QF’ > 1, a local phase instability arises, and
the dynamics is thought to become chaotic.'® A more descrip-
tive portrait of the bifurcation to chaotic behavior is provided
by the topology of phase space, which is closely related to the
dynamics. The topological modification of phase space is
known to occur when the condition |#J| — 1 > 2, where 7] is
the trace of Jacobi matrix, is fulfilled.”” Applying this condi-
tion to the system gives the criterion

OF > 1. (14)

If it is valid, the system will exhibit robust chaotic motion on
a strange attractor (SA) tightly embedded in phase space. In
this case, the phase trajectory explores the entire phase space
energetically accessible to it; the upper bound of the SA, u,,
corresponds to the upper value of continuous invariant u-
spectrum, and the time of relaxation to this uniform distribu-
tion is determined by the equation

ta = 2u; /D, (15)

where D is a coefficient of diffusion in u.

Phys. Plasmas 22, 072901 (2015)

IV. STOCHASTIC ION HEATING

Consider the dynamics of ions which interact with Pcl
wave packets via gyroresonance with Doppler-shifted fre-
quency o + kv,

R=(Q —w)/o. (16)

Invariant (12) physically associated with the resonance
becomes

v+ w?/(2Q;/w) = R. (17)
Both equations are written in the dimensionless variables

v =

v|/va, w=uv/va, R=uv/v4. (18)

For heavy helium ions, such a physical situation arises when
the principal frequency of the wavepacket lies just below the
helium gyrofrequency ©,,.%7 In this region, strongly coherent
wave signals with repetitive structure are observed. The
spectral power of these waves with left-to right handed
polarization for small nonzero angles and envelope timeper-
iods ~ 100 s were measured to be 10—-100 nTZ/Hz.

To argue the problem in terms of the map (13), we integrate
Eq. (10) and the equation for phase (7) eliminating the variable
v, with the help of the invariant of motion (12), to obtain a set
of NL difference equations that map R x S onto itself,

Wyl = Wy, + ((2;,/(1))2(2711/2PT)1/2 siny,, we R, (19)

Vit = ¥, + (W/2Q))0Tw,,

P =0b*/Av, b=B}/B, (21)

mod27,y € S,  (20)

where P is the spectral power normalized to B, and J/(-)
= 1/2 for a quasi-parallel wave.

By using condition (14) and the invariant of motion
(12), we find the range of w-values, (w,, wp,),

wa = 0/ QT2 PT) 2wl = 2Q,/o)R,  (22)

where the dynamics becomes stochastic.

It turns out that the upper bound of the w-spectrum is
defined entirely by the dynamical invariant (12), which lim-
its the spectrum. On the other hand, the invariant expressed
as a function w(v) describes an anisotropic ion distribution
(isodensity level line at a fixed value of R), which exhibits
the shape of a horseshoe or pancake in w—v phase space.”®

The prediction of Eq. (22) agrees reasonably well with the
numerically determined w-spectrum from the map in the range
of interest shown in Figure 1. Here, we introduce a phase shift
w— w+w, in the phase-advanced equation to make the
resulting set of equations symmetric about the w-axis.

To show that these dynamics are actually chaotic, we
define the correlation function of phase by

Ci) = (1/N) > _p(n)(n+1), (23)

neN

where i is the step lag and N is the total number of iteration
steps. Numerical calculations yield the result shown in



072901-4

Khazanov et al.

FIG. 1. A stochastic trajectory for systems (19)—(21) at Q =5. The variable
w is normalized as \/@/Q,oTw = u, Q = (T - 27TV2PT)I/2(Q/,/U))3/2, and
in the phase-advanced equation the phase shift u — u + u, has been made,
Ug = War/ 0/ QuoT, w, is given by Eq. (22). Initial values of \ and u are
close to zero.

Figure 2, indicating that C(i) falls off rapidly with the num-
ber of map iterations.

There is no doubt that this mixing motion takes place on
a SA, the lower and upper bounds of which are given by Eq.
(22). The stochastic motion leads to the uniform distribution
on the SA

Fw) =1/wy, (24)

provided the inequality w, < w;, is valid. Then from Eq.
(19), we calculate the coefficient of diffusion in w,

D = n(Q,/w)*2P. (25)

We have employed the definition D = ((u,y1 — u,)>)/T in
deriving (25), where (-) denotes the phase average.

Thus, the time of relaxation to the distribution (24), t,, is
found to be

ta = (4R /1 P) (/) (26)

as it appears from the expressions for w;, and D.

In accord with Paulson ef al.,” we take the following param-
eter values, vy /c = 10’3, v=04Hz, v, =0.6 Hz, T=100s,
and P=10"3 1/Hz, to evaluate observables. Substituting these
values into Egs. (16) and (21) gives R = 0.5w, = 1072, and
wp = 1.25, so that the inequalities

2.8 . w . \ .

27 ¢ 1
26t 1
Oas N
24 ¢ 1
23t 1

22 ' ‘ ' ‘ '
0 5 10 15 20 25 30
I

FIG. 2. Correlation function C(i) of systems (19)—(21) with Q =5.
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w, K R=wy, 27

are fulfilled. Then in conformity with Eq. (27), we find the
energy of He™ ions in resonance, E, = RZEA,E,. =0.5keV,
the upper value of energy spectrum, E; = w,z,EA(: 3 keV),
which arises out of the invariant, and the relaxation time
tq = 1 x 10’ s, which result from Eq. (24).

We also consider resonant ion cyclotron heating (RICH)
of protons. It is clear that the equations of proton motion are
identical in form to the maps (19) and (20), indicating that
the system undergoes bifurcation to stochastic behavior at
parameter values given by Eq. (22) with Q, replacing Q.

Note that condition (27) places some restrictions on the
permissible values of P

P,>> P., P. = BX(0/Q)* 2m/*T(wTR)*,  (28)

which appear from Eqs. (16) and (22). As a consequence, in
sufficiently strong wave fields, the extent of particle heating
is determined by the expression,

AE/E; = (Ey — Eo)JEs = (Qi/w)* — 1, (29)

irrespective of P if P > P,.

In the following estimates, we fall back on the paper of
Engebretson et al.,* in which fine patterns of Pcl wave
packet are presented. The authors observed predominantly
transverse 1.8 Hz quasiparallel waves with peak amplitudes
of 4-6mV/m measured by the Cluster spacecraft. These
intense wave packets with 10 nT*/Hz spectral power exhibit
the shape of repetitive coherent signals with typical envelope
timeperiods T ~ 25 s. Applying these values to Eqs. (28)
and (29), we find P. = 10™* nT?*Hz at B ~ 300 nT, the
extent of heating, AE=4keV at E4=0.5keV and
Q,/w = 3. Equation (26) allows us to find the relaxation
time 7; ~ 300 s, which roughly amounts to 100 timeperiods
of wave. Finally, the average heating rate of the process,
E= E}/t4, proportional to P and E 4, is about 20eV/s, as fol-
lows from Egs. (22) and (26). This result agrees well with
the experimental data of Arnoldy et al.” Note that Figure 1
shows that the stochastic motion of particle in waves breaks
the first adiabatic invariant p, where u= mvr2 /2B.
Consequently, we may only discuss the probable values of p,
and predict by means of f{iw) and w,, the typical mean values
of u, (1) = (2R /3w)(E4/B), n = 0.66 x 1078 J/T.

EMIC waves, which are generated by keV RC protons,
cause strong localized proton precipitation into the upper
atmosphere.”” The interplay between the resonant part of
anisotropic distribution of RC protons and EMIC waves
seems to help explain why intense proton fluxes are
observed.

Although cyclotron heating of protons is possible only
through the resonance, NL coupling with EMIC waves with a
principal frequency just above the helium gyrofrequency can
effectively accelerate heavy He T ions through the resonance

R=1-0Q,/0. (30)

The equation is written with the preceding notation.



072901-5 Khazanov et al.
This type of wave-particle interaction obviously con-
serves the following invariant:

v — (0/2Q,)w* =R. @31

The physical situation can arise, for example, in the interac-
tion of He" ions with Pcl wave packets, observed by
Engebretson et al 4 and Pickett er al.’

The dynamical invariants, (17) and (31), are qualita-
tively different, and as a consequence, the particle behaviors
can be substantially different. However, when v, < v4, the
local topologies of these invariants are identical. Direct anal-
ysis of the set (24) in this range shows that the equations of
particle motion would look exactly like the map (19) and
(20), exhibiting behavior with some features similar to that
of the systems (19) and (20).Unlike the preceding case, the
dynamical invariant (31) no longer limits the v-spectrum,
consequently, we can no longer use the representation (11)
in the range where the particle velocity along the direction of
external magnetic field exceeds the Alfven speed substan-
tially. Instead, we should use the representation

B" = (Bo/V/AKL)sinyy > " 8(z/L — n), (32)

where L is the spacescale of wave packet and Ak is the width
of packet in k-space.'""?

One then assumes that AkL = 2nAvT, where Av is the
width of frequency spectrum, L = v47, and approximates the
invariant (31) by the equation,

w? = (2Q;/w)v. (33)

Approximations of this kind are inevitable when dealing
with complex dynamical systems.

Substituting Eq. (32) in Eq. (9) gives the following
equation:

P . L
dv. = th,\/ﬁsmlﬁv—zzn: 6(z — nL)dz, (34)

where we have used the equation df = dz/v,, dv, and dz are
considered to be 1-forms, and L/v. is the time taken by the
particle to pass through the wave packet.

One eliminates v, from the equation with the help of Eq.
(33), and integrates Eq. (34) along with the equation for par-
ticle phase, to obtain the map

Upy1 = Up + (3Q/2) Sin wnv lanrl = l/jn + (UTRM;_i{ngdZTQ
(35)

given by the canonical pair (u, /), where
u=v"? 0= (Q/w)?@m PT)">. (36)

Now the condition of topological modification applied to Eq.
(35) determines the upper bound, u,, of the u-spectrum

up = (wTRQ)*”. (37)

Phys. Plasmas 22, 072901 (2015)

We will take, according to Engebretson et al.,4 Q /0
=3/4,v=18Hz, P,=10nT*/Hz, B=300nT, and
T =25s, to obtain R = 0.25, O ~ 0.3, and v, ~ 4. Note that
the condition v, > R is easily satisfied.

The result (37) is borne out numerically, and Figure 3
shows an almost uniform u-spectrum. Consequently, the
relaxation time to the local equilibrium f(u) = 1/2u, is
ty = ZM% /D, where the coefficient diffusion D in u is deter-
mined by

D = Q*/2x. (38)

We take into account the fact that the timeperiod
1 =0L/v, =T/v, over which the phase averaging is per-
formed, hinges on the velocity v,, to find

D = Dou??, Dy = (9/2)(Qu/ @)’ P, ty = 202 /Dy. (39)

By making estimates of the extent and rate of heating due to
this type of interaction, it has been found that 7; =~ 1 x 10% s,
Eg =R’E, =0.5 keV, E, = (vj + wi)E4 =40 keV, and
E = Ep/ty ~4eV/sat E4=2keV.

The values of Er and E; define the boundaries of the
energy spectrum, which, in addition to their dependence on
E 4, depend on the wave power as

ty~P % E, ~P* E~P. (40)

We have shown above that it is impossible to accelerate pro-
tons out of the thermal plasma via gyroresonances, one needs
to invoke heating from oblique Pcl waves via a Cherenkov

@ 29 : . . . .
| T B
10

®) 30

FIG. 3. A stochastic trajectory for system (35) at (a) Q=1, (b) 0=2,
oT = 100.
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resonance with the potential component of an Alfven-like
wave.

V. PROTON HEATING VIA CHERENKOV RESONANCE

The injection problem of heating sufficiently energetic
protons remains unsolved. Pcl wave packets oblique to B
have been observed frequently.* Further comments on this
possibility were provided in Section II, and here we discuss
its consequences.

The Hamiltonian of the problem is

H(p.,z,t) = p>2m; + Q1 + U(z,0)Jo(kr),  (41)

where Jo(-) is the Bessel function and the function U(z, f)
describes the spatio-temporal structure of potential wave
field

U(z,t) = (Up/V2rAVT) cosn//z:é(t/T —n),
Y =kz— ot v: < vy, (42)

and U, the peak value of U.

It is apparent that /=const is the integral of motion
which, for simplicity, we set equal to zero and therefore,
Jo(-) = 1.

The equations
Hamiltonian, are

of proton motion, related to the

0, = k;(Uo/mV2rAvT) sin Z O, (43)
U (v:) = kv — o, (44)

and the condition of the Cherenkov resonance arises from
Eq. (44)

R—1=0, (45)

written with the preceding notation.

In the Cherenkov resonance, slow protons, v, < v4, gain
energy by picking up wave energy in multiple encounters
with Pcl wave packets. On the other hand, the mechanism of
Landau wave damping limits the energy spectrum from
below, so the lower boundary of spectrum is typically
defined by the condition, £ > T;,T; ~ 1 eV.

Then, as above, we reduce the equations of motion (43)
and (44) to the map

Upt1 = Up + wT(UO/mprx V2rAVT) siny,, ¥,

=y, +wlv,.; mod2nw, (46)

where v = v, /v4. Then, we recognize in the system (44) the
familiar standard map>° that describes the transition of the
system to global chaotic behavior provided the magnitude of
wave field exceeds the value, U,

U, = my2V2nAVT [/ (0T)?, (47)

and consequently, Ei = k,;U.. In deriving Eq. (47), we have
again used condition (14). Now we estimate £’ for typical
parameters,4 Ei ~1x 102 mV/m. It is known that the
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potential waves are associated with fluctuations of the charge
density on,'* and that the magnitude of the wave field and
the fluctuation level dn/n are related by the Poisson equation
Up/mc? = (wp/a))z(vA/c)z(én/n), where @, is the ion
plasma frequency. Equating this expression to Eq. (47)
yields  on/n = (w/w,,)z(\/ 21nAUT /(wT)?), dn/n ~ 107,
typically. Thus, we have learned that typical values for the
potential Pcl waves seem to be relatively small. Reliable in-
formation about its values is still absent.*
Calculating the rate of diffusion at U > U, yields

D = (U/U.)*/2(oT)T, (48)

so that the particle heating rate is given by the expression
E=EsD and E ~ 1 eV/s at E4 = 0.5 keV, U/U, = 100,
and T=25s.

Note that the heating rate in this energy range depends
on the wave magnitude as E ~ (U/U,.)* and the process of
heating in Cherenkov resonances is sufficiently effective
because the heating time is roughly several tens of wave
packet timeperiods.

Now, we proceed to the problem of the dynamics of fast
protons driven by the potential Pcl wave packet. In this case,
the resonant wave-particle interaction follows in the inter-
change of energy between waves and particles.'> Thus, the
mechanism serves as a limit to the particle heating that can
be achieved. In order to derive equations describing the dy-
namics of fast protons, whose particle speed is larger than
the Alfven velocity, v, > v4, we have to represent the poten-
tial field of the wave packet in the form (32), where U repla-
ces By . In this way, we formalize the problem in terms of the
map,

|un+l |m0d27r,
(49)

Upy1 = U, + O sin Wna lpn+1 = lrbn + COT/

where the new variable u and the control parameter Q are
defined by

u=v*0v=u0./va, Q=2(UJU.)/T. (50)

By the usual methods, we find the upper bound of the u-
spectrum,

up = (UJU)?, (51)

so that the upper boundary of energy spectrum is given by
Ep, = upEp(~ 10 keV) at U/U,. = 100, and E4 = 0.5 keV. If
we choose v4/c =4 X 1073, the value agrees rather well
with Ref. 4 and E,, could be equal to ~160 keV.

Numerically integrating the initial condition of the
map over 10° map iterations, we obtain u, = (U/U,)*?
(Figure 4), indicating, as would be expected, the dominance
of chaotic motion on the strange attractor. Then, one calcu-
lates the correlation function C(i), given by Eq. (23) with the
average taken over 10° steps. Figure 5 shows that the func-
tion C(i) exhibits a very strong chaotic property of the
motion, i.e., a complete decorrelation in a few map periods.
Thus, the motion has been shown to be mixing, with the
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FIG. 4. Phase space u —  for map (49) with T = 300 at (a) Q =27, (b)
0 =100.

relaxation time to the invariant distribution f(u) = 1/2uy,
given by t; = 2u}/D, D = Q* /2, where D is the coefficient
of diffusion, and t =T /v is the period of averaging as a
function of the particle speed. With respect to the definitions
(50) and (51), we find

te = T(wT)*(U./U). (52)

As appears from Eqgs. (51) and (52), the time of diffusion and
the average heating rate E = E), /tq are about 100T and
Es/10T at U/U, ~ oT ~ 100, respectively. Note that these
results show the following dependencies of the observable
quantities on the wave power:

E, < (U/U)?, 1ty (UJU), E o (U/U). (53)

So, we conclude that the mechanism for heating of cool pro-
tons via Cherenkov resonance with the potential component

3.5

025 ¢ _

1.5' 1 1 1 1 1
0 5 10 15 20 25 30
1

FIG. 5. Correlation function C(i) of system (49) with Q =27.
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of Pcl wave packet appears to be much more likely than
heating by any other, although the question remains open.

VI. CONCLUSION

A mechanism for stochastic ion acceleration based on
the resonance interaction of ions with nonlinear EMIC waves
has been proposed. The dynamics allow stochastic diffusion
in phase space to occur, and resonant particles are energized
in multiple collisions with EMIC wave. In ion cyclotron
heating, the heating is accomplished by resonances between
the gyrofrequency and Doppler-shifted wave frequency. In
sufficiently intense Pcl wave packets, the spectral power of
which typically exceeds 10~* nT?/Hz, the stochastic diffu-
sion leads to a new local equilibrium with a wide compactly
supported spectra of observables, the signature of chaotic
motion. We have shown numerically and analytically the ex-
istence of a chaotic solution as a consequence of the reso-
nance wave-particle interaction.

Another area of considerable interest is pitch angle scat-
tering and precipitation of RB ions into the upper atmos-
phere. A detailed treatment of the problem will be the topic
of future investigations. Another mechanism that has been
studied to explain ion heating is the Cherenkov resonance
with the electrostatic component of an oblique EMIC wave.
We estimate the critical magnitude of the potential wave
field Ei to be Ef ~ 1073 mV/m typically, and find it to be
sufficient to account for the effect of proton heating via
Cherenkov resonance. However, it is not known whether
these potential EMIC wave packets have sufficient intensity.
It is highly desirable to determine whether the wave magni-
tudes can be significantly larger than E. The main effect of
the wave-particle interaction is to accelerate the bulk plasma
protons to the local Alfven speed. Typical Alfven speeds are
high enough, and Ei is small enough to be of interest for RB
proton acceleration.

The dynamical laws governing the time evolution of a
particle in wave-particle interactions lead to a set of nonlin-
ear difference equations. This set, along with an invariant of
motion, describes the appearance of strange attractors in a
certain parameter range. In this way, the dynamical system
can exhibit persistent chaotic behavior. The intensional theo-
retic structure of the model allows it to both interpret experi-
mental data and predict the behavior of the system in
different physical situations. The model has been used to
estimate typical values of observables which are consistent
with empirical data.

We conclude that these combined mechanisms of reso-
nant wave-particle interaction are most probably responsible
for the appearance of RB ions in the energy range from tens
of eV to hundreds of keV.
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