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[1] Plasma sheet turbulence is examined by using a global MHD simulation. The
simulation used idealized purely southward interplanetary magnetic field (IMF) driving
conditions to eliminate the effect of solar wind and IMF variations. The results were
compared with spacecraft observations of turbulence by computing power spectral
densities and probability distribution functions. The fluctuations in the simulation were
found to have properties characteristic of turbulence. The MHD simulation exhibited
nested vortices on multiple scales, with the largest scales associated with reconnection
outflows and the diversion of high‐speed flows in the near‐Earth region. The importance
of strong localized reconnection regions in the simulation for driving the largest scale
fluctuations supports the idea it is the main process driving turbulence in the plasma sheet.
Interplay between turbulence and the reconnection process is probably present. Scaling
arguments show that the scale at which turbulence is dissipated is consistent with the
resistivity in the model.
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1. Introduction

[2] Recent studies [Borovsky et al., 1997; Borovsky and
Funsten, 2003; Angelopoulos et al., 1999; Chang, 1999;
Klimas et al., 2000; Weygand et al., 2007] have presented
evidence that turbulence in the plasma sheet plays a major
role in the physics of the magnetotail. Turbulent dissipation
is known to be an effective mechanism for the heating of
fluids and for the transfer of mass, momentum and energy
[Kolmogorov, 1941; Grant et al., 1962; Kraichnan, 1965].
Turbulence is characterized, in three dimensions, by a cas-
cade of energy from (large) energy‐containing scales,
through an inertial range, down to dissipative scales as
sketched from Borovsky [2004, Figure 5].
[3] It has long been recognized that the solar wind is

turbulent [Coleman, 1968; Roberts et al., 1987a, 1987b].
However, the techniques used for studying turbulence in the
solar wind are generally not applicable to the magnetotail. In
the solar wind, boundary effects are usually unimportant and
the fluctuations generally constitute a random stationary

time series [Matthaeus and Goldstein, 1982a; Perri and
Balogh, 2010]. Because the solar wind flow is highly
super‐Alfvénic, one can assume the validity of the Taylor
hypothesis [Taylor, 1938], under which one can interpret the
time series of solar wind fluctuations in terms of wave
numbers. If the Taylor hypothesis applies, there is a close
relation between the temporal and spatial fluctuations. The
Taylor hypothesis states that frequency w is linearly related
to the wave vector k (i.e., w = k · v, where v is the plasma
velocity) and is applicable if the structures within the
magnetic field and flow evolve on a timescale longer than
the time it takes them to pass the spacecraft. In the mag-
netotail, the flow rarely exceeds the Alfvén speed and thus
time and spatial scales are inexorably intertwined. This has
made it difficult to determine unambiguously the properties
of magnetohydrodynamic (MHD) fluctuations in the mag-
netotail. It is even difficult to ascertain whether the fluc-
tuations are, in fact, “turbulent.” For instance, in the case of
ideal gas dynamic turbulence the flow spectral density
versus wave number generally has a slope of −5/3 on a
logarithmic plot [Kolmogorov, 1941; Grant et al., 1962],
while for ideal isotropic incompressible MHD turbulence it
has been predicted that the spectrum of power in magnetic
fluctuations should fall off as −3/2 [Kraichnan, 1965]
(although in the solar wind, that is rarely observed in
magnetic field fluctuations and the spectral index is typically
−5/3 [Matthaeus et al., 1982; Matthaeus and Goldstein,
1982b]).
[4] Considerable observational evidence of turbulence in

the plasma sheet has been found [Consolini et al., 1996;
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Consolini and Michelis, 1998; Borovsky et al., 1997;
Borovsky and Funsten, 2003; Lui, 2001, 2002; Weygand et
al., 2005, 2006, 2007]. Borovsky et al. [1997] and Borovsky
and Funsten [2003] examined the temporal fluctuations of
the plasma sheet magnetic field and flow velocity. They
employed a number of methods for identifying turbulence
and found that the power spectral indices were in the range
of −0.8 to −2.0 (flow) and −1.6 to −3.0 (magnetic field).
[5] These ranges are quite large and include both the

Kolmogorov [1941] and Kraichnan [1965] values. To con-
vert between frequency spectra and wave number spectra
Borovsky et al. [1997] used a random‐sweep model, which
integrates the wave number spectrum over the velocity
probability distribution function (PDF) and frequency. This
model has theoretical and computational support, but its
application to the plasma sheet has been criticized because
conditions called for by the Taylor hypothesis are not
present [Tennekes, 1975; Chen and Kraichnan, 1989].
However, Weygand et al. [2005] argued that power spectral
indices do not unambiguously establish the presence of
turbulence within the plasma sheet. They also considered
the presence of intermittent turbulence, which results from
spatial concentration of dissipation [Biskamp, 1993] by
using PDFs. Weygand et al. [2005] examined the magnetic
field spectral indices in a field aligned coordinate system
and like Borovsky et al. [1997] found that the range of
spectral indices was quite broad (average of −2.0 ± 0.4) for
two of the field components. However, in the central plasma
sheet, the transverse magnetic field component (approxi-
mately in the y direction) had a spectral index of −1.56 ±
0.04. This value is very close to the theoretical value of
Kraichnan [1965]. Weygand et al. [2005] hypothesized that
the other two components of the magnetic field, which have
average spectral indices of −1.8 ± 0.2 and −2.3 ± 0.4, are
affected by tail flapping, substorm dipolarizations, and
surface waves while this azimuthal component is not so
strongly affected. Nykyri et al. [2006a] have used data from
the Cluster spacecraft in the cusp to construct magnetic field
power spectra. They found slopes between −2.7 and −1 in
the inertial range between –5 and –3 in the dissipative range.
[6] In the magnetosphere Borovsky [2004] suggested that

large‐scale shear flows at the magnetopause are a source
for turbulence. Several researchers have constructed theo-
retical models of the plasma sheet with turbulence included
[e.g., Antonova, 2000; Antonova and Ovchinnikov, 1999;
Borovsky et al., 1998]. The results suggest that eddy dif-
fusion can fundamentally influence the plasma sheet con-
figuration. Borovsky et al. [1998] obtained a diffusion time
across the plasma sheet (z direction) of about 1 h. A number
of local [Nykyri and Otto, 2001; Nykyri et al., 2006b] and
global MHD simulation studies have shown vortices forming
at the magnetopause [e.g., Walker et al., 1998, 2006;
Ashour‐Abdalla et al., 1999, 2002; White et al., 2001;
Slinker et al., 2003; Hasegawa et al., 2004; Fairfield et al.,
2000; Collado‐Vega et al., 2007; Claudepierre et al., 2008].
Vortices were found for both northward and southward IMF
and have been interpreted as Kelvin‐Helmholtz waves
[Walker et al., 1998; Nykyri and Otto, 2001; Slinker et al.,
2003; Nykyri et al., 2006b; Fairfield et al., 2007; Collado‐
Vega et al., 2007; Claudepierre et al., 2008]. Other simu-
lations have reported vortices within the plasma sheet that
were not associated with boundary oscillations [El‐Alaoui,

2001; White et al., 2001; Ashour‐Abdalla et al., 2002;
Walker et al., 2006; El‐Alaoui et al., 2009; Ashour‐Abdalla
et al., 2009]. Ashour‐Abdalla et al. [2002] and Walker et al.
[2006] found large‐scale vortices in the central plasma sheet
during simulations of prolonged intervals with southward
IMF.
[7] Borovsky [2004] has presented a detailed discussion of

the problems in modeling MHD turbulence. The global
MHD simulations that have produced large‐scale vortices in
the magnetosphere generally are too coarse to resolve tur-
bulence even if it occurs. Studies of ordinary fluid turbu-
lence indicate that ideally we need a code that resolves not
only the large‐scale geometry of the fluid flow but all scales
down to the turbulence dissipation scale [Pope, 2000;
Matthieu and Scott, 2000]. At the very least, an MHD global
model should support the excitation and propagation of
waves that have a relatively broad range of frequencies and
wave numbers so that a turbulent cascade can be demon-
strated before dissipation, whether numerical or physical,
takes hold, or the limit imposed by grid resolution is
reached.
[8] In this paper we use a global MHD simulation to

address questions about the turbulence in the plasma sheet.
First, we present an overview of the simulation results and
show that a vigorous spectrum of fluctuations and eddies
occur even under steady driving conditions. Next, we verify
that the characteristics of the fluctuations observed in the
simulation are consistent with observed magnetotail turbu-
lence, mainly by considering the power spectral densities
(PSDs) and PDFs of the fluctuations. We estimate the time
scale at which dissipation dominates and show that is con-
sistent with the PSDs. Our results indicate that spatial and
temporally varying localized reconnection drives turbulence
for steady southward IMF.

2. Simulation Model

[9] To help understand MHD turbulence in the magneto-
sphere we have carried out idealized global magnetospheric
MHD simulations. The coupled magnetosphere‐ionosphere,
three‐dimensional global MHD code we used for this study
is based on a one‐fluid description of the interaction
between the solar wind and Earth’s magnetosphere [Raeder
et al., 1995, 1998, 2001; Frank et al., 1995; El‐Alaoui,
2001; El‐Alaoui et al., 2004, 2008, 2009]. The numerical
resistivity in the code is so low that an anomalous resis-
tivity model must be introduced [Raeder et al., 2001]. The
ionospheric part of the model takes into account three
sources of ionospheric conductance: solar EUV ionization,
diffuse auroral precipitation modeled by assuming strong
pitch angle scattering, and the accelerated electron precip-
itation associated with upward field‐aligned currents. A
detailed description of the MHD model is given by Raeder
et al. [2001]. For the results presented in this paper a
combination of low resistivity and small grid spacing was
used to achieve a high magnetic Reynolds number that
allowed turbulence to develop. Although the viscous
interaction at the magnetospheric boundary in the MHD
simulation is purely numerical, it yields an electric potential
of about 30 kV, which is consistent with the observed value
[e.g., Sonnerup et al., 2001; Reiff et al., 1981]. Both the
resistivity model and the grid structure are discussed further
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below. We will discuss the contribution from reconnection
in section 2.1.

2.1. Anomalous Resistivity

[10] Explicit resistivity is necessary in our code for
reconnection to occur [Raeder et al., 2001]. In the MHD
simulation, the total electric field includes convective and
resistive terms, and is given by: E = −v × B + hJ is, where v
is the bulk flow velocity, B is the magnetic field, J is the
current density, and h is the resistivity. The resistivity h in
our code is determined by applying the equations below.

� ¼
�j21

0

if j1 � �

otherwise
where j1 ¼

j j jD
jB j þ "

8<
:

In this equation j is the local current density; B is the local
magnetic field,D is the grid spacing and " is a small number
added to avoid dividing by zero. The coefficient a is
determined empirically and is much less than 1. Similar
models based on current‐driven instabilities have been used
successfully in local MHD simulations [Sato and Hayashi,
1979]. To avoid spurious dissipation there is a minimum
current density threshold for resistivity controlled by the
parameter d (a value of 0.65 was used for these results)
[Raeder et al., 2001]. This threshold is calibrated such that
explicit resistivity is switched on only at a very few grid
points in intense current sheets. The effects of explicit and
numerical resistivity in the simulation model are discussed
by Raeder et al. [1996]. Further assessment of anomalous
resistivity on substorm development is given by Raeder
et al. [2001]. We set a = 0.05, and the resulting maximum
value for h was about 106 W·m.

2.2. Computational Mesh

[11] To study turbulence we need to resolve a wide range
of scales from the large‐scale geometry of the fluid flow
down to the turbulence dissipation scale [Pope, 2000;
Mathieu and Scott, 2000]. Present‐day global MHD simu-
lation codes have achieved a sufficient resolution, and thus
sufficiently high magnetic Reynolds number, to allow us to
investigate mesoscale MHD turbulence in the magneto-
sphere. High‐resolution simulations of turbulence in the
solar wind have demonstrated the feasibility of using finite
difference codes to generate turbulent cascades with sub-
sequent dissipation [e.g., Goldstein et al., 1999].
[12] The MHD equations are solved on a Cartesian

computational grid that is computed prior to the run by
using three continuous functions, one for each simulation
dimension, to distribute the grid points in the simulation
system. We set the grid spacing to obtain high resolution in
the central plasma sheet. The simulation used more than 52
million grid points: 540 in the x direction, 324 in the y
direction and 300 in the z direction. The grid point spacing
is shown in Figure 1. In the x direction the minimum grid
spacing was 0.11 RE (∼700 km) and the maximum grid
spacing was 3.84 RE in the distant tail near a simulation
outflow boundary. The grid spacing in the y direction had a
minimum of 0.13 RE (∼828 km) and a maximum of 2.2 RE.
The grid spacing in the z direction had a minimum of
0.13 RE (∼828 km) and a maximum of 2.48 RE. The regions
of high‐grid resolution were broad and encompassed the
near Earth and midmagnetotail.

3. Simulation Setup

[13] We imposed a steady southward IMF with a magni-
tude of 5 nT at the upstream simulation boundary for more

Figure 1. Distribution of the grid spacing in the MHD simulation. Shown are (top) the grid spacing in
the x direction versus x, (middle) the grid spacing in the y direction, and (bottom) the grid spacing in
the z direction.
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than 3 h. The solar wind number density was 20 cm−3, the
thermal pressure was 20 pPa (temperature of 15.6 eV), and
the velocity was 500 km/s in the x direction. The moderately
high dynamic pressure confined the magnetotail to the high‐
grid resolution region. These conditions ensured that there
was no turbulence in the solar wind and all fluctuations will

be of internal origin. This experiment allowed us to inves-
tigate the turbulence driven by the magnetosphere’s internal
evolution. To obtain high‐resolution time series of the
simulation results for use in calculating power spectra and
probability distribution functions we collected all MHD
variables at all grid points in the equatorial plane every

Figure 2. MHD solutions in the equatorial plane at three times: (top) 90 min after the start of the sim-
ulation, (middle) 130 min, and (bottom) 170 min. Superimposed are unit flow vectors in the equatorial
plane and white solid lines showing the positions of the last closed field lines. The velocity vectors have
been decimated by a factor of 6 in the x direction and by 6 in the in the y direction compared to the grid
spacing.
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second. We then analyzed the results to determine the
properties of the fluctuations generated in the simulation.

4. Simulation Results

[14] The simulation results showed magnetotail flows
that were far from laminar. Snapshots taken at 90, 130, and
170 min into the run are shown in Figure 2. Three variables
are superimposed in the equatorial plane at each time. The
color contours display the BZ component of the magnetic
field, the black arrows show flows in the plane and the
white isocontours give the locations of the last closed field
lines. Even though the IMF was uniformly southward the
tail neutral line was highly variable and the BZ distribution
shows numerous mesoscale structures. In particular, at 90
min, a highly irregular reconnection region existed between
x = −30 and x = −60 RE across the magnetotail. At 130 and
170 min much of the reconnection is localized, which we
take to mean extending only part way across the tail.
Localized reconnection can be identified as a region of
intense flow reversal, from earthward to tailward, through-
out the magnetotail coupled with reversals in the BZ com-
ponent of the magnetic field (white lines). Plots of the
resistivity (not shown) reveal that the explicit resistivity was
activated around the reconnection regions. The BZ compo-
nent evolved in a complex way during this interval and
displayed filaments where it is large and positive at several
locations. A spacecraft encountering this type of filament
would experience magnetic field changes resembling dipo-
larization. Distinct vortices that have formed in the tail are
apparent in Figure 2. High‐speed flows that encounter the
near‐Earth region are deflected, forming vortices of various
sizes in the magnetotail [El‐Alaoui, 2001; Ashour‐Abdalla
et al., 2002; Walker et al., 2006; El‐Alaoui et al., 2009].
This region is characterized by a strong magnetic field, hot
plasma at the inner edge of the plasma sheet, and strong
coupling to the ionosphere. Nested within the largest vor-
tices are smaller vortices. To illustrate the progressively
smaller vortices seen in the plasma sheet we repeatedly
magnify a region, seen in Figure 2 (magenta box) and
Figure 3. Several vortices existed in this box, some of
which are indicated by gray ovals (Figure 3, top). This
panel also displays a magenta box within which one large
and one small vortex are indicated. This region is further
magnified in Figure 3 (middle) to reveal a yet smaller
vortex nested in the larger vortex seen in Figure 3 (top). A
magenta box encloses the small, nested vortex. This box is
magnified in Figure 3 (bottom). Two still smaller vortices
exist within the vortex from Figure 3 (middle). This pattern
of nested vortices exists throughout the magnetotail during
the simulation. The nested vortices in Figure 3 and the
variations in BZ in Figures 2 and 3 are both consistent with
the presence of turbulence.
[15] To investigate the nature of the fluctuations in the

magnetotail we calculated PSDs at different locations.
Figure 4 shows the time histories and PSDs of the three
magnetic field components over 3 h of the simulation at
three points, all at z = 0 and x = −15 RE with y: −5 RE, 0 and
5 RE. The time histories show numerous large amplitude
fluctuations in all three components of the magnetic field, as
well as in its magnitude (not shown). In the southward IMF
case shown, time‐varying localized reconnection is the most

Figure 3. BZ color contours and flow vectors at 130 min in
the equatorial plane. The velocity vectors have been deci-
mated (top) by a factor of 5 and (middle) by a factor of 3
in each direction. (bottom) All grid points are shown.
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Figure 4. Time series and PSDs for the magnetic field. (left) Time histories of the three magnetic field
components. (right) Power spectra for BZ at three locations. All three locations are at x = −15 RE and z =
0, with (a, b) y = −5 RE, (c, d) y = 0, and (e, f) y = 5 RE. The solid red (blue) lines are least squares fits at
the inertial (dissipative) range.
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obvious source of the largest scale fluctuations [El‐Alaoui,
2001; Ashour‐Abdalla et al., 1999, 2002; Walker et al.,
2006]. Theoretical analyses discussed in the introduction
predict that in a turbulent state the PSDs will follow power
law distributions in both the inertial range and in the dissi-
pative range, with a greater slope in the latter. At each
location the PSD includes a break in the slope consistent
with a transition from the inertial to the dissipative range as
well as a range at the lower frequencies without a well‐
defined slope consistent with the energy containing range.
First, the three ranges were identified by eye, then least
squares fits were performed for the inertial and dissipative
ranges. The fluctuations in the PSDs are probably related to
the sampling of the results every second versus the typical
MHD time steps of 70 ms. The differences in slope among
the three ranges are clear in the PSD plots (Figure 4). The
predicted slope for the inertial range of −5/3 [Kolmogorov,
1941] is added for comparison. The observational situation
is not clear for the dissipative range but values of −2.3 has
been associated with whistler mode, Hall, or kinetic Alfvén
wave turbulence [Leamon et al., 1999; Alexandrova et al.,
2008] and a value of −4 has been associated with dissipa-
tion via electron Landau damping [Sahraoui et al., 2009;
Alexandrova et al., 2009]. We show a line with a slope of −3
in the dissipative range, which is in the range seen in the solar
wind (data available at http://arxiv.org/abs/1002.2539v1)
and in the magnetosphere [Nykyri et al., 2006a; Vörös et al.,
2005; Matthaeus et al., 2008] for comparison. In the mag-
netotail plasma sheet the mechanisms that act to dissipate the
turbulent fluctuations are not fully understood. The exact
slope of the dissipative range may not be that important; as
long as some reasonable dissipation exists at small scales the
inertial range will be resolved. Borovsky and Funsten [2003]
suggested several mechanisms that act to dissipate the tur-
bulent fluctuations including coupling to the ionosphere,
cyclotron resonance damping, Landau damping, reconnec-
tion, and plasma wave (anomalous) resistivity and viscosity.
[16] Table 1 lists the computed inertial range PSD slopes,

and Table 2 lists the computed PSD dissipative range slopes
at 49 locations in the equatorial magnetotail. The PSDs have
slopes between −1.2 to −2.28 in the inertial range with a
median value of −1.77 and a standard deviation of 0.21,

which is less than the difference between the median value
and −5/3. The breaks in the slope occur at around 30 mHz.
In the dissipative range the slopes are between −2 to −5 with
a median value of −3.9 and a standard deviation of 0.84. To
further illustrate the PSD results we constructed histograms
of the spectral slopes for the inertial ranges (Figure 5a) and
for dissipative ranges (Figure 5b) at different locations.
Figure 5a shows that a strong, narrow peak close to a
spectral index of −1.77. This spectral index is close to
Kolmogorov’s result. Weygand et al. [2005] found that,
based on observations, a peak in the distribution of slopes
existed at a spectral index of −2.0 and a weak secondary
peak at a slope of −1.6. Recall that, our calculations, unlike
the observations, were for a quasi steady state under con-
stant driving, and were sampled in a plane of symmetry.
Weygand et al. suggested that neither Kolmogorov nor
Kraichnan type turbulence were present and the plasma
sheet magnetic field fluctuations were consistent with
intermittent turbulence. Figure 5b shows that our distribu-
tion is broader with possibly a peak at a spectral index of
−3.9. These results indicate that the fluctuations are con-
sistent with theoretical turbulence [Kolmogorov, 1941].
[17] On average, the PSD slopes in the inertial range are

lower (more negative) than −5/3, but are within a standard
deviation at almost all values of x and y (Table 1). In the
dissipative range, the spectral index is almost always
between −2 and −5, with most values clustered between −3
and −5. These values are consistent with Nykyri et al.
[2006a] bearing in mind that their measurements were in
the cusp region. There is a trend toward more negative
slopes for more tailward locations (Table 2). This suggests
that the turbulent fluctuations in the inertial range spread out
across the tail and the spectra become similar even though
the dissipation increases tailward, toward the reconnection
region. It is interesting that resistivity variations drive tur-
bulence even though it is the major cause of dissipation. The
dissipation performs two roles in plasma sheet turbulence in
the simulation; on a large scale it leads to reconnection
which drives turbulence and on small scales it dissipates
energy. Although the dissipation was localized, the fre-
quencies for the transition between the inertial and dissi-
pative ranges at different locations were similar. All the

Figure 5. Distribution of spectral indices. Shown are histograms of the power spectral indices listed in
Tables 1 and 2 for (a) the inertial range and (b) the dissipative range.
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PSDs at these locations show three frequency ranges: the
driving (energy containing) range, the inertial range, and the
dissipative range.
[18] The nature of turbulence in a system is controlled by

the ratio of the scale length for dissipation versus the scale
length of the system that is quantified, for resistivity, by the
magnetic Reynolds number. We calculated the magnetic
Reynolds number that is the ratio of the magnetic diffusion
time to the Alfvén transit time. It is given by Rm = moLV/h
where V is the Alfvén speed and L is the scale length of
interest. A high Reynolds number means that the resistivity
is dominant on a length scale much smaller than the scale
length of interest. By using the typical resistivity produced
in the simulation at locations where the current density
exceeds the threshold for explicit resistivity the Reynolds
number varied widely but was typically in the range 100 to
1000 for a typical plasma sheet scale length of 2 RE.
However, the values near the reconnection sites fell to less
than 10. Weygand et al. [2007] used an extrapolation
technique for the plasma sheet observations and found an
effective magnetic Reynolds number to be between 7 and
110. These values are smaller than the above estimated
Reynolds number. It is possible that the Reynolds numbers
computed from the observations are controlled by the re-
gions with the most dissipation. This idea is supported by
our result that the transition frequency between the inertial
and dissipation scales was very similar throughout the
magnetotail. In contrast, Vörös et al. [2006], by estimating
the dissipation scale [Vörös et al., 2005] using plasma
sheet flow data, found a value of 1600 which is compa-
rable to our results.

5. Estimation of Dissipative Scale Using Mean
Field Energy Equations

[19] In this section we consider what determines the fre-
quency scale of the transition between the inertial and dis-
sipative scale, and in the process, the spatial scale of this
transition. To estimate the transition scale we start from the
MHD energy equation. This equation can be written as
follows:

@e

@t
¼ �r � eþ pð Þv½ � þ J � E

e ¼ �v2

2
þ p

� � 1
:

ð1Þ

In equation (1) r is the density,v is the flow velocity, p is the
pressure, E is the electric field, J is the current density, e
is the energy density, and g is the ratio of specific heats
(a value of 5/3 is used).
[20] Expanding (1) by using the explicit equation for the

pressure we obtain

@

@t

�v2

2

� �
¼ �r � �v2

2
v

� �
� v � rð Þp� J � v� Bð Þ þ �J2; ð2Þ

where B is the magnetic field and h is the resistivity. To
estimate the spatial scaling we assume a steady state @

@t = 0.
Then (2) becomes

�J2 ¼ r � �v2

2
v

� �
þ v � rð Þp� J � v� Bð Þ: ð3Þ

[21] We then replace variables with mean values and
assume a typical scale length L to obtain the order of
magnitude estimates we seek. We make substitutions (4)
into (3)

r ! 1

L
; J ! B

�oL
; v ! v; p ! p; and � ! �: ð4Þ

The result is given below.

L ¼ �

�ov

1

1þ p

B
2
=�o

þ ��2=2

B
2
=�0

: ð5Þ

Simplify to obtain

L ¼ �

�o�

1

1þ B

2
þM 2

A

2

; ð6Þ

where b is the plasma beta and MA is the Alfvén Mach
number.
[22] Assuming b = 1 on average and low flow speed the

maximum scale length can then be given by

L ¼ 2�max

3�o�
: ð7Þ

Now we apply this equation to the MHD simulation results.
We choose an area in the equatorial plane from −25 RE to
−10 RE in x direction and from −15 RE to 15 RE in the y

Table 1. Inertial Rangea

y

x

−15 −10 −5 0 5 10 15

10.00 −1.90 −1.48 −2.07 −2.28 −2.18 −1.69 −1.21
15.00 −2.16 −1.82 −1.81 −1.75 −1.81 −1.71 −1.60
20.00 −1.87 −2.16 −1.90 −1.79 −1.97 −1.60 −1.88
25.00 −1.81 −1.95 −1.40 −1.72 −1.67 −2.01 −1.78
30.00 −1.76 −1.73 −1.65 −1.72 −1.72 −1.77 −1.70
35.00 −1.88 −1.61 −1.61 −1.78 −1.80 −1.63 −1.63
40.00 −1.50 −1.32 −1.83 −1.70 −1.85 −1.65 −1.85

aPower spectral indices at different locations in the magnetotail. Shown
are the slopes of the power spectra, using a log‐log scale, in the inertial
range.

Table 2. Dissipative Rangea

y

x

−15 −10 −5 0 5 10 15

10.00 −1.98 −3.73 −3.58 −2.13 −2.45 −3.97 −3.90
15.00 −2.03 −3.78 −3.76 −3.23 −3.83 −3.78 −3.16
20.00 −2.71 −2.39 −3.92 −4.48 −4.06 −3.54 −3.52
25.00 −2.83 −3.13 −3.93 −4.77 −4.78 −4.57 −3.34
30.00 −4.12 −4.28 −4.33 −4.30 −4.47 −4.44 −3.82
35.00 −4.99 −3.82 −4.86 −4.70 −5.31 −4.67 −3.82
40.00 −4.46 −4.83 −4.86 −5.20 −4.57 −4.91 −4.56

aPower spectral indices in the dissipative range at different locations in
the magnetotail. Shown are the slopes of the power spectra, using a log‐
log scale.
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direction to estimate the relevant values. For hmax in this
equation we used the maximum value of h in this area,
during each 2 min interval over the 3 h of southward IMF.
The corresponding v values are the average speeds in the
area during the same intervals. Figure 6a shows a histogram
of the length scales given by equation (7) for the set of 2 min
intervals. This panel shows that the scale extends from about
0.25 RE to 1.6 RE with most values in the range below 1 RE

and a median of 0.52 RE. Although the Larmor radius plays
no role in the MHD simulation we can estimate this quantity
from the MHD parameters by using the average thermal
speed, computed from the MHD density, pressure and
magnetic field in the area defined above. The Larmor radius
distribution is show in Figure 6b. All values of the Larmor
radius were less than 0.3 RE, which is lower than the scale
lengths in the simulation shown in Figure 6a. Therefore the
scales of the structures we are considering are larger than the
Larmor radius, which is reasonable for an MHD simulation,
as well as the MHD grid size. We also determined the time
scale t = L

vA
, where �A is the average Alfvén speed with the

result is shown in Figure 6c. The time scales that we found
range from 5 s to 35 s. Finally we determined the frequency
scale f = 1

	 shown in Figure 6d. The frequency scale extends
from 25 mHz to more than 120 mHz. Recalling that the
PSDs showed breaks in the slope around 30 mHz (Figure 4),

our frequency scale estimates are consistent with those re-
sults. Because fluctuations propagate rapidly through the
magnetotail the transition scale is likely to represent a time
and space average of dissipation controlled by the locations
with maximum h. These regions are associated with
reconnection which existed throughout the simulation run.

6. Probability Distribution Functions

[23] In this section our goal is to examine the Probability
Distribution Functions (PDFs) from the MHD simulation
and compare them to observations. Weygand et al. [2005,
2006] considered PDFs of fluctuations in the magnetic field
for several different plasma sheet crossings recorded by
Cluster using both the method applied by Sorriso‐Valvo
et al. [1999] in the solar wind and the two‐point method
developed by Anselmet et al. [1984]. PDFs of the observed
fluctuations across different temporal and spatial separations
are not Gaussian for small temporal separation, and the 4th
moment of the PDFs (kurtosis) decreases nonlinearly with
increasing temporal and spatial separation. The Castaing
et al. [1990] fits show the same dependence on scale.
Castaing et al. and Sorriso‐Valvo et al. associate this non-
linear decrease to intermittent turbulence. Intermittency in
magnetic turbulence can be inferred from a non‐Gaussian

Figure 6. Scale length estimates. Shown are histograms of (a) the length scales, (b) the Larmor radii,
(c) the time scales, and (d) frequencies.
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scaling of PDFs of the magnetic field fluctuations over time
periods corresponding to frequencies that fall near the tran-
sition from the dissipation and inertial range. Our PDFs
display this characteristic of intermittent turbulence. Inter-
mittent turbulence corresponds to localization of dissipation
[Biskamp, 1993], which is exactly what is observed in the
distribution of resistivity in the simulation.
[24] We used the same technique asWeygand et al. [2005]

to construct PDFs of the magnetic field fluctuations. We
apply the function

�bi ¼ Bi t þ 	ð Þ � Bi tð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bi t þ 	ð Þ � Bi tð Þð Þ2

D Er ; ð8Þ

where Bi(t) is a component of the magnetic field at time t
and Bi(t + t) its value at a fixed time t later [Sorriso‐Valvo
et al., 1999]. First, a running average of 1000 s was removed
from the magnetic field time series in order to eliminate
longer period fluctuations in the magnetic field. As dis-
cussed by Weygand et al. [2005] the values of t correspond
to spatial lengths determined by the plasma speed. Small
values of t (t ≤ 10 s) correspond to distances within the
dissipative range for the simulation and large values of t (t ≥
900 s) are associated with physical dimensions on the order

of the driving scale of the plasma. Intermediate values of t
correspond to the inertial range. Figure 7 shows both results
from the simulation and from Weygand et al. [2005]. The
first three rows of Figure 7 show PDFs of the three com-
ponents of the magnetic field in the simulation calculated by
using (8) for four different values of t. The dashed curves
show Gaussian distributions for comparison that are fit by
eye to the cores of the PDFs at x = −15 RE and y = 5 RE and
z = 0 RE. This distribution function illustrates how a mea-
surement taken at a given time is correlated with a mea-
surement taken at later times. If the relationship is random
the result is a purely Gaussian distribution. All the PDFs
show significant departures from a Gaussian distribution
with large deviations from the average that can be described
as “wings.” For t = 900 s the PDFs of the fluctuations in
the magnetic field are the most similar to Gaussian dis-
tributions in particular for the BX and the BZ components of
the magnetic field. In the last row we show PDFs of BX

from Weygand et al. [2005] for different values of t from
observations on August 15, 2001, in the central plasma
sheet region. Weygand et al. [2005] consider t = 10 s to
correspond to the dissipative range, t = 100 s and t = 200 s
to be in the inertial range, and t = 900 s to be in the driving
scale. The comparison between the simulation results and
the observations show remarkable consistency, keeping in

Figure 7. Probability distribution functions (PDFs) from MHD and the observations. The top three rows
are from the three components of the magnetic field from simulation. The bottom row shows PDFs from
BX in the central plasma sheet from Weygand et al. [2005].
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mind that the simulation results are from a fixed plane of
symmetry and at fixed position x = −15 RE and y = 5 RE.

7. Discussion and Conclusions

[25] High‐resolution studies of turbulence in the solar
wind have demonstrated the feasibility of using MHD finite
difference codes to generate turbulent cascades and dissi-
pation [e.g., Goldstein and Roberts, 1999]. Present‐day
global MHD simulation codes have achieved a sufficiently
high resolution and magnetic Reynolds number to allow us
to investigate MHD turbulence in the magnetosphere. To
examine plasma sheet turbulence we used an MHD simu-
lation of the magnetosphere. This simulation used idealized
purely southward IMF conditions to eliminate the effect of
solar wind and IMF variations. To compare the results with
observationally based studies of turbulence we applied
similar analyses to the simulation.
[26] We found that the fluctuations in the simulation had

the characteristic properties of turbulence. We calculated
PSDs and PDFs in the central plasma sheet and found not
only that the results were consistent with observations but
also that they had interesting physical implications. The
MHD simulation exhibited nested vortices on multiple
scales, with the largest scales associated with reconnection
outflows and the diversion of high‐speed flows in the near‐
Earth region.
[27] We calculated PDFs at different locations in the

plasma sheet and we found that for smaller time scales the
distribution is not Gaussian, revealing nonrandom correla-
tions in the fluctuations. The observations showed similar
patterns to those by Weygand et al. [2005]. The PSDs from
the simulation showed all three frequency ranges expected
from theoretical considerations: the driving or energy con-
taining range, the inertial range and the dissipative range,
with clear breaks between the different ranges. The PDFs
and the localization of dissipation support the conclusion
that the turbulence is intermittent in the simulation.
[28] In the inertial range we found the PSD slopes were

clustered around an average value of −1.77. Both Weygand
et al. [2005] and Borovsky et al. [1997] and Borovsky and
Funsten [2003] found somewhat steeper slopes: [Weygand
et al., 2005] found PSD slopes near −2.0 and Borovsky
et al. [1997] found PSD slopes in the range of −1.6 to
−3.0. Bearing in mind that our calculations, unlike the ob-
servations, were for a quasi steady state under constant
driving, and were sampled in a plane of symmetry, the
agreement is very good. Our average value is within the
ranges found based on observations. While the observed
ranges were quite large and included both the Kolmogorov
[1941] and Kraichnan [1965] spectral indices, the median
value of the simulation results is close to Kolmogorov’s
result. This may be because the simulation is for idealized
driving conditions and the results were sampled in a plane of
symmetry, ensuring that the simulation results are all from the
central plasma sheet.
[29] The dissipation included in the MHD simulation re-

sulted in realistic values for the transition between inertial
and dissipative scales, which was also consistent with an
order of magnitude estimate based on mean values of MHD
parameters in the plasma sheet. In the dissipative ranges we
found a broader distribution with an average spectral index

of −3.9. To our knowledge, this number is not as well
constrained in the observations or the theory in the plasma
sheet. It is remarkable that the transition between the inertial
range and the dissipative range is consistently near 30 mHz
at all locations considered, even though the major dissipa-
tion in the simulation, the anomalous resistivity, varies over
orders of magnitude in space and time.
[30] In spite of variations in dissipation, PSD slopes at

different locations are consistent, suggesting that energy
transport is smoothing out the variations. This is similar to a
pot of water being heated on an uneven open flame. The
entire liquid will be at the boiling point because heat is
being transported efficiently. A further factor to be consid-
ered is the influence of the ionosphere, which could add to
dissipation or could intensify variations owing to the
dependence of ionospheric conductivity on field‐aligned
currents. Correctly resolving the turbulent cascade may be
accounted for in part by recent improvements in the accu-
racy of MHD simulations [e.g., Guild et al., 2008; El‐Alaoui
et al., 2009]. The success in simulating turbulence gives us
confidence that MHD can be used to further investigate
turbulence under both idealized and realistic conditions. The
fine details of the dissipation do not seem to significantly
affect the overall turbulent spectrum, which we show has
realistic properties. In this view, correctly reproducing a
spectrum of eddies in the simulation, which leads to realistic
transport, is more important than the detailed dissipation
model.
[31] There are several possible sources of plasma sheet

turbulence. One is the external source of solar wind varia-
tions and turbulence. Turbulence in the solar wind has been
extensively studied [e.g., Bruno and Carbone, 2005]. On the
other hand several internal possibilities exist. These include
shear flow instabilities, MHD instabilities in the inner
magnetosphere (e.g., interchange or ballooning modes).
Another possibility is that the turbulent flow field is feeding
back on the reconnection process that will put the plasma
sheet into self sustaining turbulent state [Matthaeus and
Lamkin, 1986]. Variations in ionospheric conductivity may
also lead to turbulence [Walker et al., 2006; El‐Alaoui et al.,
2009]. Another source of turbulence is the rapid variations
associated with localized reconnection. The existence of
strong localized reconnection regions with high‐speed out-
flows in our results supports the idea that this is the main
process driving turbulence in the plasma sheet. Dissipation
in general should decrease fluctuations, but if the dissipation
is localized it can drive flows in part of the plasma sheet that
start the turbulent cascade. When a high‐speed reconnection
outflow reaches the near‐Earth region it is diverted leading
to a large, that is several RE across but smaller than the
width of the magnetotail, vortices in the driving scale. The
existence of a strong spectrum of turbulent eddies may
feedback on the reconnection process as well, leading to a
very complex interplay between turbulence and dissipation.
[32] An interesting feature of the plasma sheet is that

dissipation, which is normally thought of as a sink for the
energy contained in the turbulent fluctuations, is also a
catalyst of large‐scale flows through the magnetic recon-
nection process that is very active during southward IMF
conditions. In the simulation, local current sheet thinning
concentrates dissipation in local regions leading to frequent
localized reconnection events, consistent with observations.
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The existence of a turbulent spectrum in the simulation may
contribute to the patchiness of the reconnection in a feed-
back loop. It is not straightforward to suppress the feedback
mechanism because fluctuations are present in most or all of
the MHD simulations using this model [e.g., Guild et al.,
2008] though detailed analyses were not performed. We
have not observed a “quiet” fluctuation‐free state for
southward IMF. We note, however, that even if magnetotail
reconnection begins on a large scale; that is, extending
across the whole magnetotail, the resulting fast flows will
break up into large vortices in the near‐Earth region which
can initiate turbulence. Therefore this simulation indicates
that the overall state of the plasma sheet under steady
southward IMF and laminar solar wind flow is turbulent,
which can strongly influence transport and dissipation in the
region.
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